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Abstract—Trying to solve hard optimisation problems with
quantum techniques requires transformations of domain objec-
tives and constraints into formats compatible with a chosen quan-
tum algorithm. This often introduces inefficiencies and overheads
that limit or even endanger potential quantum advantage for
current and future approaches. To understand and mitigate these
inefficiencies, software toolchains are essential for implementing
transformations, analysing overheads and eventually selecting
optimal transformation paths. Decoded Quantum Interferome-
try (DQI) is a novel approach that achieves apparent quantum
advantage for certain algebraic optimisation problems. It natively
operates on Max-LINSAT, which is unusual for combinatorial
optimisation, and creates the need for software solutions that
alleviate the burden of manually transforming problems of
interest into this format.

We present DQI-Kit, a software framework that provides
a unified, extensible interface for automatically encoding con-
strained optimisation problems into Max-LINSAT. Users can
describe the various types of objectives and constraints that are
common in industrial optimisation problems. Our framework
converts these into Max-LINSAT instances via a series of problem
transformations and computes an estimate of the expected perfor-
mance of DQI on these instances. We provide an initial analysis
of the implemented transformations, discussing inefficiencies and
ways to mitigate them. DQI-Kit is the basis for our ultimate goal
of establishing a standardised framework that will enable further
investigations to identify practical use cases for which quantum
advantage with DQI can be achieved.

Index Terms—Quantum Software, DQI, Max-LINSAT

I. INTRODUCTION

Owing to their computational difficulty even for small
instance sizes, hard combinatorial optimisation problems are
considered prime candidates for quantum advantage. Con-
sequently, they are one of the most widely studied aspects
of quantum software. Many proposed algorithmic approaches
such as quantum annealing and QAOA can be applied to opti-
misation problems in QUBO format (Quadratic Unconstrained
Binary Optimisation) [1]-[6]. This, in principle, allows for
approximating solutions to all NP-complete optimisation prob-
lems, as the required transformations are well known [7].
Although QUBO formulations are, in practical applications,
much less common than classical problem formulations such
as Boolean satisfiability (SAT) or mixed-integer linear pro-
grams (MILP), extensive research has been conducted on how
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to bridge the gap between domain problem descriptions and
QUBO formulations [8]-[10]. This enables domain experts to
apply QUBO-based quantum algorithms to a broad class of
industrial use cases.

Decoded Quantum Interferometry (DQI) provides a new
algorithmic framework that reduces combinatorial optimisa-
tion problems to the decoding problem of a classical error-
correcting code [11]. Unlike most previous quantum ap-
proaches, which are largely heuristic in nature, the approx-
imation performance of DQI can often be efficiently com-
puted analytically. This allows researchers and engineers to
evaluate the potential of DQI in size regimes that would
otherwise be inaccessible with current hardware, enabling
them to identify problem classes suitable for the algorithm.
The optimisation problems native to DQI are Max-XORSAT
and its generalisation Max-LINSAT. Formulating domain use
cases as Max-LINSAT instances works very differently than
for established formulations [12]-[14] like SAT, MILP or
QUBO. Consequently, both research and tool support are
necessary, as both are currently lacking. Moreover, the solution
quality of DQI varies substantially between instances as it
depends on properties of an error-correcting code based on the
specific Max-LINSAT instance. Thus, assessing the suitability
of DQI for a specific problem formulation requires knowledge
of coding theory, adding further barriers not only for many
quantum researchers, but also for domain users. Published
research on potential applications of DQI has mostly focused
on coding-theoretic problems that have little to no practical
relevance outside of purely algebraic contexts.

Consequently, we introduce DQI-Kit, a framework that
aims to aid quantum software engineers in overcoming these
difficulties. It available in our code repository and reproduction
package (links in PDF) [15]. DQI-Kit provides an extensible,
unified interface to model various types of constraints and
objectives that are common in many industrial combinatorial
optimisation problems. Our framework converts such con-
straints and objectives into DQI-native Max-LINSAT formu-
lations by performing a series of problem transformations,
as shown in Figure 1. DQI-Kit also estimates the approx-
imation performance achievable with DQI and compares it
to the results of several classical solvers. As visualised by
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Figure 1: Transformations between formulations implemented by DQI-Kit. Red dashed lines —— represent transformations that
increase the number of constraints; blue dotted lines «- represent transformations that add additional auxiliary variables;
represent transformations that lead to many linearly dependent constraints often negatively impacting

DQI performance;

the different-coloured arrows in Figure 1, not all problem
encodings are equally efficient, highlighting the need for a
systematic exploration of the space of possible formulations
and transformation paths. We aim to initiate this exploration
by providing a first analysis of the efficiency of the encoding
approaches implemented by our framework (which is known
to be an important issue in general for quantum algorithms [6],
[12], [16]-[20]).

The rest of this work is structured as follows: In Section II,
we explain the context of our work by presenting the Max-
LINSAT problem formulation and by providing brief introduc-
tions to both error-correcting codes and the DQI algorithm.
Section III covers the problem encodings and transformations
implemented by DQI-Kit. In Sections IV and V, we derive
guidelines on how to identify problem instances suitable to
DQI and options to mitigate some of the limitations of DQI.
Section VI presents the DQI-Kit framework. Related work is
discussed in Section VII. Finally, we summarise our contribu-
tions and give an overview on future work in Section VIIIL.

II. PRELIMINARIES
A. The Max-LINSAT Problem
The canonical problem that DQI is designed to solve is
Max-LINSAT, formalised as follows:

Definition 1. Given a finite field ¥y, a matrix B € F;"*" and
a vector v € F,, Max-LINSAT is the problem of finding a
variable assignment x € F|/ that maximises

_m | . ‘ _ 1 ifx-b; =uv;,
flx) = ;f,(:c) with fi(x) = {0 otherwise

where b; denotes the i-th row of B and - denotes the Euclidean
inner product.

In other words, a Max-LINSAT instance is defined by a
set of m linear constraints over n variables z; € IF,, where

represent (favourable) transformations where none of the above apply.

the i¢-the constraint is Z?:l B;jx; = wv;. The objective is
then to find a variable assignment that satisfies as many
constraints as possible. Recall that for any finite field F,
q is either a prime or a prime power. If ¢ is prime, the
field F, can be defined (up to isomorphism) as the set
Zs=1{0,1,...,q— 1} along with addition and multiplication
modulo ¢. Thus, for prime g, a Max-LINSAT instance is a
system of linear equations modulo g where the goal is, again,
to satisfy as many equations as possible (intuitively, MAX-
LinSat can be seen as the optimisation version of solving
linear systems over finite fields). The problem is NP-hard in
general and independent of ¢, which makes it an interesting
target to study for quantum computing (in cases where all
constraints are satisfiable simultaneously, Max-LINSAT can be
solved efficiently using Gaussian elimination. So, one typically
considers the overdetermined regime for m > n).

Due to its similarity to SAT, the special case for ¢ = 2 with
x; € {0, 1} has been studied more extensively in the past (e.g.,
Refs. [21]-[23]). Since addition modulo 2 is equivalent to the
binary XOR operation, Max-LINSAT with ¢ = 2 is typically
referred to as Max-XORSAT.

B. Error-Correcting Codes

Let us now briefly review basic definitions and facts
from coding theory relevant to determine efficient problem
transformations for DQI, as this guides the design of our
software architecture. For a more thorough introduction, see,
for instance, Refs. [24], [25].

Given some alphabet 3, an error-correcting code of block
length n and dimension % is a subset C C X" along with
an function which injective maps each message m € X*
to a codeword ¢ € X™ where n > k. The goal is to add
redundancy by spreading the information of a single message
symbol over several codeword symbols. This makes it possible
to reconstruct the original codeword and therefore the original



message, even though a few symbols were corrupted during
the transmission over a noisy communication channel. Given
some corrupted codeword ¢ € X", the goal of a decoder
is to find the codeword ¢ € C with the smallest Hamming
distance to ¢ where the Hamming distance is defined as the
number of positions at which to symbol strings differ. If the
Hamming distance between two distinct codewords ¢, ¢’ € C
is small, then a corrupted can be close to both of them,
making unique decoding impossible, even with relatively few
errors. Thus, one ideally wants the Hamming distance between
codewords to be large. In fact, unique decoding of ¢ errors,
that is £ incorrect symbols, is only possible, in the worst case,
if ¢ < dmin/2. Here, di, denotes the minimum distance, which
the smallest Hamming distance between distinct codewords in
C. Once we try to decode beyond dyy;n/2, there will always be
strings for which more than one codeword is within Hamming
distance ¢, making unique decoding impossible. However, for
some codes, this situation is rare even for ¢ > dyi, /2 as long as
£ is not too large. For these codes, reliable decoding far beyond
half the minimum distance is possible if we can tolerate some
small probability of decoding incorrectly.

Linear codes are a special case of error-correcting codes
where the alphabet is a finite field IF; and messages are vectors
over this field. The most common field choice is the binary
field F, = {0, 1}. Given a finite field F,, a linear code C forms
a k-dimensional subspace of the vector space Ky, which is
defined as the kernel of the so-called parity-check matrix H. In
other words, C = {c € F} | Hc = 0}. The distance between
codewords, and thus the decoding capability of a linear code,
is completely determined by its parity-check matrix:

Fact 1. Given a linear code C with parity-check matrix H
and a codeword c € C, then there exists a codeword ¢’ € C
at Hamming distance d of c if and only if H contains a set
of d linearly dependent columns. In particular, the minimum
distance of C is equal to the smallest number d,,;, such that
H has dy;y, linearly dependent columns.

This fact is particularly relevant in the context of DQI, as
we will see in Section IV, because it allows us to determine
a priori how well DQI can approximate the optimal solution
of a given Max-LINSAT instance.

The decoding problem for linear codes is NP-complete in
general, even in the unique decoding regime. In practice,
however, efficient decoding is often possible via specialised
decoders that exploit the algebraic structure of specific code
families, or via heuristic methods such as belief propagation
or information-set decoding. Although these latter approaches
do not offer worst-case guarantees, they still deliver excellent
decoding performance on a wide range of codes.

C. Decoded Quantum Interferometry

Decoded Quantum Interferometry is a quantum algorithm
which approximates solutions to Max-LINSAT instances. It
does so by preparing a superposition of all possible solutions
that is biased toward good solutions. Thus, when measuring

this state, one likely obtains a good solution. Concretely, DQI
prepares the DQI state:

[P = P(f(@)|e). (D

a:eIE‘g

Here, f is the objective function as specified in Definition 1
and P is a polynomial of degree ¢. The larger the value of
¢, the stronger the separation between good and bad solutions
and the larger the probability of measuring a good solution.
However, how large one can choose ¢ to be depends on the
error-correcting code C with parity-check matrix B where
BT is the transpose of the constraint matrix B from Defini-
tion 1. DQI can only prepare (1) exactly if there is a decoding
algorithm for C that can perfectly correct up to ¢ errors. For
imperfect decoders, for example when ¢ is larger than half
the minimum distance of C, DQI can still approximate Max-
LINSAT solutions by approximating the state (1). However,
the solution quality depends on how many error patterns with
up to ¢ errors can be decoded correctly.

In the perfect decoding regime and also in the imperfect
regime for some instance families, the expected number of
satisfied constraints when measuring the DQI state can be
efficiently computed classically. This permits analysis of the
algorithm on industrial-scale instances using current hardware.

In their study of DQI, Jordan et al. [11] consider a gener-
alisation of Max-LINSAT, which we will refer to as Set-Max-
LINSAT. Here, the v; € IF, are replaced by sets F; C IFy. The
i-th constraint is satisfied when b-x € Fj. Since each such set
inclusion constraint can be decomposed into disjoint equality
constraints (b - x = v for all v € F;), Set-Max-LINSAT
describes exactly the same optimisation problems as standard
Max-LINSAT. However, combining equality constraints with
the same left-hand side, as described by the b;, into a single set
inclusion constraint not only reduces the number of constraints
but can also improve the approximation performance of DQI
for reasons described below in Section IV.

III. PROBLEM ENCODING FOR MAX-LINSAT

We now commence by outlining Max-LINSAT formulations
for typical objective and constraint types, as they are found in
many industrial combinatorial optimisation problems. These
formulations are implemented as part of the DQI-Kit software
framework. Owing to the multitude of possible encoding
approaches proposed in the abundant optimisation literature,
we necessarily need to restrict our efforts to the most common
input formats. Our extensible software design allows, however,
to easily add further encodings, and we anticipate the selection
will grow in the future. We discuss some alternative encoding
techniques alongside the implemented approaches.

Like QUBOs or other unconstrained problem formulations,
Max-LINSAT does not support hard constraints: Every con-
straint can be broken, and solution quality is measured by
the number of broken constraints, which is reasonable for
optimisation. However, most industrial optimisation problems
include at least some hard constraints that immediately result
in invalid solutions when they are broken. To express these in



the Max-LINSAT formalism, we treat them as soft constraints
that result in a sufficiently large penalty if broken. This makes
it useful to consider a weighted version of Max-LINSAT for
encoding constraints:

Definition 2. Given a finite field F,, a matrix B € Fy**",
a list of sets Fi,...,F,, with F; C Ffln and a weight vector
w € Q™ with w; > 0, Weighted Set-Max-LINSAT is the
problem of finding a vector x € Iy that maximises

0  otherwise.

f@)}jﬁ@)mmﬁ@g{

We discuss ways of dealing with these weights in the context
of DQI in Section V. While every weighted Set-Max-LINSAT
instance can, in principle, can be converted into an unweighted
instance by duplicating constraints, this is usually far from
optimal.

A. Equality and Inequality Constraints

DQI operates over a finite field F,, meaning each vari-
able has ¢ possible values if not otherwise restricted. This
field structure allows for a natural encoding of many types
of constraints. For example, one type of constraint directly
encodable into Max-LINSAT is an equality constraint z; = x;,
which is expressed as z; + (—z;) = 0 where —z; is the
additive inverse of x; in F,. Beyond that, we can also easily
encode inequality constraints of the form xz; # x;. These
are especially common for categorical variables, for example
to describe a scheduling conflict. A ‘not equal’ constraint is
expressed as x; +(—x;) € F,\{0}. This is efficient to encode
even for large ¢ since we do not have to represent the set
F; for a given constraint b; - © € F; explicitly during the
DQI algorithm. In DQI, each F; is encoded as is the Fourier
transform of a shifted and scaled version of the phase oracle

{+1ﬁyem,
Y —

—1ify ¢ F. @

For simple sets such F; = {0} and F; = F, \ {0} the number
of gates required to implement this phase oracle, and thus
the encoding of the F; during the DQI algorithm, is only
logarithmic in gq.

Clearly, we can extend these types of equality and inequality
constraints to arbitrary linear combinations of variables. If ¢
is prime, can can interpret these as (in)equalities modulo q.
However, this interpretation does not hold when ¢ = p* for
a prime p and £ > 1. This is because the field operations
then correspond to addition and multiplication of degree-k
polynomials over IF,,, which is algebraically distinct from the
same operations over the integers modulo q.

Non-modular linear equalities and inequalities over the
integers are critical to express many industrial optimisation
problems [26], [27]. To encode these, for each integer variable
x; € Z, we must select a range [;,u; € Z with z; € [l;, u;].
Then, we select a prime p large enough so all integer con-
straints can be expressed modulo that prime. Along with the
actual constraints we want to encode we also need to add

3a—2b>1

(a) = or # constraint

(b) <, <,>,> constraint

Figure 2: Max-LINSAT encodings of integer constraints: Or-
dering inequalities generally require a larger field order. In the
example, we assume that a, b € {0, 1,2}, so —4 < 3a—2b < 6.

constraints x; € {l;,...,u;} (mod p) for all integer variables
to restrict their range, each with a sufficiently large weight. De-
pending on the types of constraints we want to express, p might
need to be quite a bit larger then the sizes of the ranges [I;, u;].
In order for an ‘equal’ constraint b; - * = v; or a ‘not equal’
constraint b; -  # v; to also hold modulo p, p must be larger
than maxgex |b; - & —v;| where X = [l1,u1] X -+ X [l U]
is the set of allowed values for the x. This is visualised in
Figure 2a. Ordering equalities (<, <, >, >) are also possible.
For example b; - © > v; can be encoded as the set inclusion
constraint b; - & —v; € {a € F, | a € {0,...,u;} (mod p)}.
However, for this, p generally has to be larger than for
‘equal’ or ‘not equal’ constraints. To be precise, p must be
greater than U; — L; where L, = mingex(b; - * — v;) and
U; = maxgex(b; -  — v;) as shown in Figure 2b.

If we increase the order of the field F, to accommodate
non-modular integer constraints, existing modular constraints
modulo a smaller prime p’ < p need to be modified to conform
to the larger field. For example, b; -« = v; (mod p’) must be
replaced with b; -« € {a € F, | a = v; (mod p')}. If p # P/,
then p and p’ are coprime. Therefore, p must be greater than
U; — L; for this to correctly encode the constraint, just like
with ordering constraints.

Another option to encode integer constraints is to use a g-
ary encoding of integer variables where each Max-LINSAT
variable represents a single digit of the integer variable. Using
this approach, Sabater et al. [28] developed binary-encoded
formulations for integer constraints. These are based on Max-
XORSAT gadgets implementing a binary ripple-adder. Their
approach results in a B matrix with many linearly dependent
sets of 3 rows, inhibiting DQI performance, as explained in
Section V. For this reason, we chose not to include their
encoding technique in the first version of DQI-Kit in favour of
our more direct approach, which we deem to be more efficient
and broadly applicable.

B. Linear Objectives

The goal of many optimisation problems is to find a variable
assignment that maximises or minimises some function under
a set of constraints. While Max-LINSAT does not support such
objective functions directly, we can still encode them when



allowing weighted constraints. To illustrate this, we can use the
constraint z; = 1 for z; € {0,1} with weight w; to represent
the objective function w;x;, which we want to maximise.
Similarly, z; = 1 with weight w; represents the maximising
objective 1 —w;x; or alternatively, ignoring the constant offset
of 1, the minimising objective w;x;. This way, each objective
function that is a linear combination of binary variables can be
represented by a set of weighted Max-XORSAT constraints.

Encoding linear combinations of non-binary variables is
also possible but less efficient: For example, the objective
ax; with x; € {0,...,6} and a € Q can be represented
by three weighted constraints: z; € {4,5,6} with weight
da, z; € {2,3,6} with weight 2a and z; € {1,3,5} with
weight a. These constraints can be constructed from the
binary representation of each of the possible values of z;, so
[logy(u; — I; + 1)] weighted constraints are necessary for a
term ax; with x; € {I;,...,r;}.

C. Polynomial Constraints and Objectives

Polynomial constraints and objectives extend linear formu-
lations by allowing interactions between multiple variables, en-
abling the modelling of higher-order dependencies. Weighted
Max-LINSAT can describe maximisation problems of the form
max,, P(x) where P is some polynomial and = € {0, 1}* is
vector of binary variables. To see this, we can use the fact that
Max-XORSAT instances can be interpreted as Hamiltonians
that are an unweighted sum of Pauli-Z-Hamiltonians. This
equivalence was noticed by [11], [29], [30] among others.
In light of Weighted Max-XORSAT, this gives rise to the
following generalised equivalence:

Fact 2. Given a Weighted Max-XORSAT instance as defined
in Definition 2, its objective [ is equal to f(x) = (x|H|x)
for the Hamiltonian

W 1 & i ,
_ 7 1®n - o 1\Vi )
H=- 1 +2§ w;(—1) HZ’
i=1 J=1
Bij=1

where W = Y"1 | w; and Z9) is the Pauli-Z operator applied
to the i-th qubit.

This follows from f;(x) = (14 (—1)%®*?) and the fact
that Z® |z) = (—1)% |x) for all = € {0,1}"

Since we can ignore the constant offset 17//2 when trying to
find a solution maximising f(x), we can, vice versa, convert
every Hamiltonian that is diagonal in the Z basis into an
equivalent Weighted Max-XORSAT instance. This applies,
in particular, to every Ising Hamiltonian and, thus, to every
QUBO. Encoding industrial problems as QUBOs is well-
established topic in quantum software engineering [1], [7]. The
corresponding problem formulations can all, in principle, be
directly transformed into Weighted Max-LINSAT instances.
By generalising the QUBO reduction to Hamiltonians with
Pauli-Z terms of any degree, every polynomial unconstrained
binary optimisation (PUBO) problem can be encoded as a
Weighted Max-XORSAT instance: Formally, a PUBO is an
unconstrained optimisation problem whose objective function

{0,1} — R is given by a multi-variate polynomial of
arbitrary degree. In contrast, QUBOs encode polynomials
only of degree 2. Every function b : {0,1}" — R can
be described as such a multi-variate polynomial [31]. Since
2?2 = x for x € {0,1}, this polynomial is always multi-
linear, meaning that the exponent of every variable is at
most 1 of each of its monomials. Via its representation as a
multi-linear polynomial, we can encode every pseudo-Boolean
function b : & — b(x) as a Weighted Max-XORSAT instance.
To do this, we simply substitute each x; in the polynomial
representation of b with (1—2Z("))/2 and apply the equivalence
from Fact 2. However, since a multi-linear polynomial with n
variables, in general, consists of 2" monomials, exponentially
many Max-XORSAT constraints are necessary in the worst
case. In fact, a simple product x5 ...z represented by the
Hamiltonian 1/2%(1 — Z(M) ... (1 — Z®)) already leads to an
exponential number of constraints in k.

There are multiple ways to handle the exponential blow up:
For DQI-Kit, we selected a relatively simple technique of in-
troducing additional auxiliary variables that replace high-order
sub-terms. We then add constraints to ensure that the auxiliary
variables are equal to the terms they represent. To guarantee
equality between two expressions e1(x) and ex(x), we add a
weighted constraint —(e1(x) — ez())?, which is maximised
when e; (x) = es(x). For example, x1z22324 can be split into
r1To = a1, x3T4 = a2 and ajas where the two equalities are
represented by the terms — (2122 — a1)? and — (2374 — az)?.
With this approach, the number of Max-XORSAT constraints
only grows linearly with the number of variables at the expense
of using a potentially linear number of auxiliary variables.
In addition to polynomial objectives, this auxiliary variable
approach also allows us to express polynomial constraints by
first replacing the term with an auxiliary variable and then
encoding the constraint, as shown in Section III-A. A more
general option to reduce the number of constraints would be
to employ a quadratisation algorithm. This similarly reduces
monomial degrees at the expense of additional auxiliary vari-
ables. Several well-understood quadratisation techniques exist
that allow for efficient implementations [18], [32].

Unfortunately, there does not seem to be an obvious way
to generalise the encodings of polynomial objectives and
constraints explained above to non-binary variables in a way
that is compatible with Max-LINSAT. These encodings exploit
the group homomorphism Zs — Z, x — (—1)*. The generali-
sation of this for p > 2is Z,, — C,z ~ *#/P_Encoding this
into Max-LINSAT is theoretically possible, but would result
in complex constraint weights, which are not well-defined.
It seems likely that, similarly to MILP formulations, general
polynomial constraints and objectives can only be expressed
approximately in Max-LINSAT [26], [27].

D. Boolean constraints

The final constraint type we consider is Boolean constraints.
Every Boolean constraint, described by a Boolean function
b:{0,1}™ — {0, 1}, can be transformed into a set of weighted
Max-XORSAT constraints by representing b as multi-linear



polynomial and then applying the techniques explained in
Section III-C. For example, logical AND is described by the
polynomial (x1,x2) — x1x2, which is transformed into the
Hamiltonian H = 1(1 — ZW)(1 — Z®). This, in turn, is
converted into the following Max-LINSAT constraints

z1 =1 (mod 2)
29 =1 (mod 2) 3)
21 +22 =0 (mod 2),

each with weight 1/2. If both z; and z- are one, then all 3
constraints are satisfied. Otherwise, only 1 is satisfied. When
including the constant offset of —1/2, this leads to an objective
function, which has value one if x; A x> and zero otherwise.
Generalising (3) to n variables leads to the constraints

{2 b= b| (mod2),| b€ {0,1}", || > 0}

Here, all 2" — 1 constraints are satisfied if |z| = n and
27~1 1 are satisfied otherwise. As can be seen by this
example, transforming Boolean functions into Max-XORSAT
constraints can and often does lead to the exponential con-
straint increase described above. The same effect, for example,
happens for an n-variable OR constraint, which is transformed
into 2" — 1 constraints of the form b-x = 1 (mod 2).
This necessitates the usage of degree reduction techniques as
explained in Section III-C.

IV. IDENTIFYING PROBLEMS SUITED FOR DQI

Although, as shown in Section III, predominant objective
and constraint types can be transformed into Max-LINSAT,
not all formulations are equally suited to the DQI algorithm.
Finding formulations that work well with DQI requires iden-
tifying Max-LINSAT instances where C = {y | B'y = 0}
is a strong error-correcting code. If we only consider perfect
decoders, the relevant quantity for the quality of a code is
the minimum distance of C, which, by Fact 1, is the smallest
number d such that BT linearly dependent columns. A set
of linearly dependent columns in BT one-to-one corresponds
to a set of linearly dependent rows in B. As an illustrative
example, consider the following three constraints:

1 +2x9 =2 (mod 3)
2z9 +x3 =1 (mod 3) ()
z3+2x1 =1 (mod 3)

The linear combination by + 2by + b3 yields

(1,2,0) +2(0,2,1) + (2,0,1) = (0,0,0) (mod 3).

This means that the linear code corresponding to any Max-
LINSAT instance containing these constraints has minimum
distance at most 3, independent of the right-hand sides of the
constraints. For imperfect decoders, we cannot solely rely on
the minimum distance but also need to consider the distance
distribution of the code. By Fact 1, we want a code where most
codeword pairs have a large distance. This, again, corresponds
to a problem matrix B with few linearly dependent rows.

Based on this insight, we can identify specific types of

constraints that are likely to impair DQI performance:

1) Duplicate constraints: Two constraints b; - * = v; and
b;-x = v; with b; = b; immediately lead to a minimum
distance of 2, even if v; # v;. This results in a code that,
in the worst case, cannot even correct a single error,
since we can not distinguish whether an error occurred
at position ¢ or j. This severely limits decoders, even
in the imperfect decoding regime, likely degrading the
approximation performance of DQI significantly.

2) AND/OR constraints: Examining the Boolean AND
formulation in (3), we observe that the three Max-
XORSAT constraints are linearly dependent resulting in
a minimum distance of at most 3. The same effect can
also be observed for OR constraints.

3) Short (in)equality cycles: A cycle of three inequality
constraints 1 # 3, T3 #* X3, x3 F w1 leads to a
situation similar to the outlined in (4), which, in turn,
leads to a minimum distance of at most 3. One example
of this effect in a practical use case is the Max-cut
problem where, given an undirected graph G = (V, E),
the objective is to colour each vertex with one of
two colours in such a way that the number of edges
connecting two vertices of opposite colour is maximised.
Max-cut can naturally be encoded as a Max-XORSAT
problem by using one variable x,, € Fy for each vertex
v € V and adding one constraint z, # xz, for each
edge (u,v) € E. It is easy to see that, for this problem
formulation, the minimum distance of the code C is
equal to the girth of G, which is defined as the length
of the longest cycle. More generally, any cycle

L1z ~1 roxa, laxg ~o T3T3, ..., lpTp ~o 1T

for non-zero coefficients /;, r; and (in)equality relations
~; leads to a linear dependency of k constraints.

As these examples show, linear dependencies arise naturally
in many practical problem formulations, making it difficult to
avoid them entirely. Therefore, in addition to identifying use
cases with few inherent dependencies, we deem dependency-
reduction techniques to be a promising approach for broad-
ening the applicability of DQI. Below, we demonstrate that
mitigating linear dependencies is possible to a certain extent
by outlining two concrete techniques. Our aim is for DQI-
Kit to facilitate further investigation and refinement of such
techniques within the research community.

First, consider the issue of an AND constraint resulting
in three linearly dependent Max-LINSAT constraints. This
linear dependency can be eliminated by encoding the Boolean
constraint only approximately in the sense that the yes case
corresponds to the optimal variable assignment, while the no
case corresponds to a sub-optimal but not necessarily worst-
possible assignment. For example, if we remove the constraint
z+y =0 (mod 2) removing the linear dependency, the set
of constraints is still maximally satisfied (two out of two)
when x A y. This means that the optimal solution of the Max-
LINSAT instance is not affected. As shown by Sabater et



al. [28], this approach also works for the three-bit majority
gate. It is likely that it can be generalised to various other
logical constraints, which could considerably improve DQI’s
performance on broad classes of problems.

A second, more widely applicable technique involves intro-
ducing auxiliary variables to resolve linear dependencies. To
illustrate this technique, we present a simple gadget derived
from the following result:

Theorem 1. Let f(x) be the objective function of a Max-
LINSAT instance with coefficient matrix B € F"*" and
sets F1,...,F,, C F, Fix an index i € {1,...,m} and a
positive integer k. Construct a new Max-LINSAT instance by
introducing new variables gl, ..., Yk, replacing the constraint
b,-x € F; with b; - x + ijl y; € I} and adding constraints
y; € {0} for all j € {1,...,k}. Let f(m,y) denote the
objective function for this newly constructed instance. Then,
for every x € F?, k+ f(x) = Max,, ¢ f(z,y).

Proof. For a given x, define v = b; - «. If v € Fj, then by
setting y; = 0 for 1 < j < k, all k4 1 new constraints are
satisfied, so k + f(x) constraints are satisfiable in total.
Otherwise, if v € F;, we can either try to satisfy b; -  +
>_;Y; € Fi, which requires us to set at least one of the y;
to a non-zero value and satisfying at most k£ out of the k + 1
added constraints, or we can satisfy all constraints of the form
y; = {0}, which leaves b; - & + Zj y; € F; unsatisfied,
again satisfying k out of k£ + 1 new constraints. In either case,
k + f(z) constraints are satisfiable in total. O

We can remove linear constraint dependencies by applying
Theorem 1: Let by, . .., by be a minimal set of linearly depen-
dent rows, in the sense that after removing any single row, the
remaining rows are linearly independent. Then, applying the
gadget from Theorem 1 to any of the b; (1 <14 < d) removes
the linear dependency but adds a new linear dependency of
length d+ k, which includes the k& added constraints y; € {0}.
This increases the minimum distance by % at the expense
of adding k variables and k constraints. The gadget thus
can help improve the approximation performance of DQI by
reducing few small linear dependencies. However, introducing
many gadgets with large k across the Max-LINSAT instance
can quickly lead to diminishing returns. This is because, for
large instances, the performance of DQI depends on the ratio
¢/m [11] and our gadget increases both ¢ and m by k.

In this section, we considered the theoretical decodabil-
ity of codes derived from Max-LINSAT instances, allowing
us to derive universally applicable upper bounds on DQI
performance. However, actual performance and runtime of
DQI vary depending on the classical decoder, which warrants
a more thorough analysis. For instance, belief propagation,
the most widely used general purpose decoding algorithm,
requires consideration of additional instance properties, such
as the sparsity of the constraint matrix and the number
of variable pairs shared across constraints [24]. Conversely,
specialised decoders tailored to certain problem structures can
improve DQI performance considerably [11], [33], [34]. For

this reason, DQI-Kit is designed from the outset to support
different classical decoders, enabling investigations into the
effects of different decoder choices and allowing for a more
comprehensive analysis of DQI performance in the future.

V. HANDLING LIMITATIONS OF DQI

DQI suffers from two limitations with regards to the prob-
lem formulations described in Section III: Firstly, it does not
support weighted constraints; secondly, it requires all sets F; to
be of the same size. Both limitations arise because the first step
of DQI involves preparing a trial state that is a superposition
of all possible error vectors of weight at most ¢. This trial
state is symmetric with respect to different error positions.
Due to this symmetry, DQI can only prepare the DQI state (1)
exactly if the objective function f is also unbiased with respect
to different constraints. This results in symmetry requirements
for the problem instance that are only met when all constraints
have the same weight and all sets F; have the same size.

It is plausible that both symmetry requirements can be lifted
by using an asymmetric trial state: In a recent work on a
generalised version of DQI, Bu et al. [35] showed that the DQI
state can be prepared efficiently for Weighted Max-XORSAT
if £ < dpin/2. This is done by using an asymmetric matrix
product state as the trial state, which has bond dimension
£+ 1 and can thus be prepared efficiently in time polynomial
in m and /. This approach may be generalisable for any
field F, and for sets F; of different size, but this is not
guaranteed. Additionally, computing the expected number of
satisfied constraints achieved by DQI is likely less efficient
than in the symmetric case, potentially allowing for less
precise performance evaluation. Thus, our framework needs
to address these symmetry limitations.

The most straightforward (and, in general, only viable)
option to handle weighted constraints is to duplicate them
such that the number of copies of a constraint is proportional
to its weight. However, this creates two problems in turn:
First, large weights significantly increases the number of
constraints. Second, as explained in Section IV, duplicated
constraints heavily limit the approximation capabilities of
DQI. To mitigate the first issue, we can divide the weights
by a common factor if it is shared by all constraint weights,
reducing the number of required duplicates. If the weights do
not share a common factor, we can round them to a multiple
of an integer d. However, doing so alters the problem we
are trying to solve, generally decreasing the solution quality
of DQI. Rounding thus works best if weights do not vary a
lot between constraints. To mitigate the second problem of
duplicate constraints resulting in a minimum distance of 2,
we can employ dependency reduction techniques like the the
gadget defined in Theorem 1. If we repeat a constraint wy
times, we can resolve the dependency by adding this gadget
to wy — 1 of the wy, duplicates.

Finally, we need to handle F; sets of different sizes. This
can also be achieved via duplicate constraints along with
dependency reduction techniques. First, we find the greatest
common divisor d of all set sizes and split each F; into sets



Higher abstraction level: Boolean/integer constraints/objectives

MaxConstraintSat

variables: list[IntVar]
objectives: list[IntExpr]
constraints: list[IntConstraint]

/ N

IntExpr IntConstraint
terms: dict[ expr: IntExpr
IntMonomial: Fraction relation: Relation
1 mod: int | None
N \
Intvar IntMonomial Relation (Enum)
id: int variables: list[ EQUALS
name: str tuple[Intvar, int] DOES_NOT_EQUAL
lower: int 1 LESS_THAN
upper: int

Lower abstraction level: LINSAT constraints

MaxLinSat

field: sage.GF

variables: list[LinsatVar]
constraints: list[LinsatConstraint]

LinsatConstraint
expr: LinsatExpr

rhs: LinsatRhs

LinsatExpr
variables: list[LinsatVar]
coefs: list[sage.GFElement]

' J

LinsatVar

LinsatRhs
weights: dict[
sage.GFElement, int

]

id: int
name: str

Figure 3: Simplified class structure for the two abstraction levels of DQI-Kit: MaxLinSat for directly describing Max-LINSAT
constraints and MaxConstraintSat for describing integer constraints and objectives as well as Boolean constraints.

of size d. This works especially well for integer constraints
as outlined Section III-A. For these types of constraints, we
have some flexibility when choosing the sets F;, since the field
order does not usually fit the constraint’s range exactly. We can
therefore increase the greatest common divisor by deliberately
including values in the sets F; that should not be attainable
without violating the variables’ range constraints in such a way
that the sizes of the F; have large common factors. In some
cases, this approach might still not be viable. It thus remains
an interesting open question whether the same-size restriction
can be lifted, as was done for the weight restriction in [35].

VI. DQI-KIT

The main contribution of our work is DQI-Kit, an open
source Python library to express various types of domain
objectives and constraints, which are then converted into
weighted or unweighted Max-LINSAT instances via the trans-
formations depicted in Figure 1. DQI-Kit then estimates the
approximation performance of both DQI and a series of
classical algorithms on these transformed instances.

A. Abstractions for Max-LINSAT Constraints

The general software architecture of our framework is
visualised in Figure 3. DQI-Kit provides two main ways for
users to describe constraints, which differ in their level of
abstraction. Using the lower-level MaxLinSat class, users can
encode =, # and € Max-LINSAT constraints along with their
weights directly, allowing for a more manual control of the
precise problem formulations. For this, users can choose the
finite field IF, they want to operate in. For the field operations
we use Sage [36], which provides implementations for arbi-
trary finite fields via a unified interface to several efficient
backends (e.g., Refs. [37]-[39]). Variables are created via
MaxLinSat.new_var. They always represent elements in IF.
Using Python’s operator overloading capabilities, constraints
can then be described via intuitive syntax as shown in Figure 4.
Equalities and inequalities are rearranged automatically to

conform to the Max-LINSAT formalism (Definition 1). For
typical constraint patterns beyond =, # and € constraints,
such as Boolean constraints, MaxLinSat supports so-called
gadgets. A gadget can be thought of as a function mapping
a list of n variables to a set of m constraints. It is defined
by a miniature Max-LINSAT instance, similar to the one
outlined in (3). Users can define their own reusable gadgets.
We also provide a small library of gadgets for various Boolean
constraints as well as a mechanism to generate a gadget based
on a given truth table. This mechanism relies on exhaustively
searching all possible sets of constraints. Using it is thus only
feasible for small gadgets and field orders.

MaxLinSat automatically merges constraints with the same
left-hand side into a single constraint. The right-hand side
of a constraint is represented as a hash map mapping field
elements to weights. For example, merging the constraint
x +y = 0 with weight 1 and the constraint z +y € {0,1}
with weight 2 results in a constraint that internally represents
the right-hand side as the hash map {0: 3, 1: 2}. Here,
the entry 0: 3 refers to the fact that = + y evaluating to
0 would contribute a total weight of 3 to the Max-LINSAT
objective function. Only integer weights are supported. Each
MaxInstance instance can thus be interpreted as both a
weighted and, via constraint duplication, an unweighted Max-
LINSAT problem. This allows solvers that do not support
weighted constraints, such as standard DQI, to be applied to
any MaxLinSat instance.

B. Abstractions for Integer and Boolean Constraints

The second abstraction layer provided by DQI-Kit is rep-
resented by the class MaxConstraintSat. It allows for
the specification of various types of (potentially weighted)
Boolean, integer and modular constraints. The resulting con-
straint problem can then be transformed into a MaxLinSat
instance, via a call to to_max_1lin_sat. Users can create
variables with the new_var method. As shown in Figure 3,
these variables can be combined with other variables and



prob.new_binary_var(f"x_{i}")
for i in range(len(items))
] 1

prob.add_constraint(

prob.add_objective(sum(
x_1i i.val for x_i,i in zip(x,items)

))

x[ul
)

s N N s N
items - [Item(w=3, val-5) ] G = nx.Graph(...) G = nx.Graph(...)
prob[ MaxConstraintSat() prob = MaxConstraintSat() prob = MaxLinSat(GF(3))
X X X

prob.new_binary_var(f"x_{i}")
for i in range(n)

sum( prob.add_objective( prob.add_constraint(
x_i » i.w for x_i,i in zip(x,items) sum(x_i for x_i in x) x[ul x[v]
) w minimize=True
weight=2 + sum(i.val for i in items) ) N~ <
for u, v in G.edges

prob.add_boolean_constraint(

prob.new_var(f"x_{i}")
for i in range(n)
1

for u, v in G.edges

x[v], weight=2

print(SimAnnealSolver(prob).get_solution_quality())

dgi = Dgi(prob)
for 1 in range(0, n)

print(dqi.estimate_solution_quality(1l))

Figure 4: Problem encoding and solution quality estimation in DQI-Kit: User-defined problem specifications supports two
abstraction levels: in this example, higher-level MaxConstraintSat is used for knapsack and minimum vertex cover; lower-
level abstraction MaxLinSat is used for maximum 3-colourable subgraph. DQI and classical solvers operate on both. For this,
MaxConstraintSat instances are automatically transformed into Max-LINSAT.

scalar constants, represented by the Fraction class, to form
expressions (IntExpr) via addition and multiplication. The
set of representable expressions is therefore equal to the set of
multi-variate polynomials. An IntExpr can be used directly
as objective to be maximised or minimised, or, along with a
relation (=, #,<,<,>,>), as part of an IntConstraint.
When describing a modular constraint, only = and # are
supported since there is no well-defined notion of order in Z,,.
By convention, the right-hand side of any IntConstraint is
0 and expressions are automatically rearranged accordingly.

MaxConstraintSat has no explicit notion of a binary
variable. At creation, the value range of each IntVar is
specified via integer lower and upper bounds. A variable is
considered binary if its lower bound is 0 and its upper bound
is 1. In addition to +, - and *, binary variables also support the
Python Boolean operators ~, &, | and ", representing NOT,
AND, OR and XOR respectively. These Boolean operators
are automatically converted to addition and multiplication. For
example, a V b is equivalent to a + b — ab. This means that,
internally, a Boolean constraint is handled identically to an
integer expressions and is therefore added as an objective and
not as a constraint since it includes no relation such as =.

The transformation of MaxConstraintSat to MaxLinSat
happens in multiple passes. In the first pass, polynomial
objectives and constraints as well as linear objectives are
transformed into linear constraints, as outlined in Sections
III-B and III-C. As explained in Section III-C, a pseudo-
Boolean function over k variables can lead to up to 2¥ Max-
LINSAT constraints. To combat this, the transformation splits
up higher order terms introducing auxiliary variables. This
reduces monomial degrees, and thus the number of Max-
LINSAT constraints required. By default, terms of degree at
least four are split up, but this behaviour can be changed by

the user. Auxiliary variables are also introduced to represent
higher order terms within constraints.

After the first pass, only linear constraints remain. These are
transformed into modular constraints. If needed, constraints
are scaled such that they only contain integer coefficients.
Then, the smallest prime p is determined so all constraints can
be encoded modulo that prime and the integer constraints are
converted into constraints over IF),. Next, for each variable z;
with lower bound /; and upper bound w; with u; —1;+1 < p, a
constraint z; € {l;,...,u;} is added. Finally, we end up with
three types of constraints: user-defined constraints, auxiliary
variable constraints for higher-order terms and variable range
constraints. The latter two types are automatically assigned
weights that are large enough to give them priority over user-
defined constraints, unless the user specifies otherwise.

C. Solvers and Decoders

Our software framework implements a DQI solver and
four classical solvers for Max-LINSAT instances. Actually
executing DQI on a real or simulated quantum computer
is impossible with current hardware, for industrial-scale in-
stances. Instead of performing the algorithm, the DQI solver
therefore computes the expected solution quality in terms
of the expected number of satisfied constraints using the
closed expressions derived by Jordan er al. [11]. The user
can choose (a) the degree ¢ of the polynomial P (which
determines how strongly the final superposition prepared by
DQI is biased towards the optimal solution), and (b) the
classical decoder used during syndrome decoding. We provide
four general-purpose decoding algorithms (belief propagation,
information set decoding, lookup table syndrome decoding
and nearest-neighbour decoding) as well as an interface to
add other decoders. We use the ldpc package [40] for belief



propagation and Sage [36] for the other decoders. Note that
the lookup table syndrome decoder and the nearest-neighbour
decoder correct all theoretically correctable errors but they
have exponential runtime in /. Nevertheless, they can effi-
ciently provide provable upper bounds on problem instances
with small minimum distance making them useful for ruling
out potential problem candidates for DQI. If the user does
not specify ¢ or the decoder, both are selected automatically
depending on the order of the field IF;, and the approximate
minimum distance of the linear code C dual to the given Max-
LINSAT instance. If not otherwise specified, DQI-Kit also
selects the optimal coefficients of P automatically by solving
an eigenvalue problem as described in [11].

If ¢ is smaller than half the minimum distance of C,
we can efficiently compute the expected number of satisfied
constraints exactly. Otherwise, computing this quantity either
takes exponential time or can only be done approximately
by sampling from the distribution of possible error vectors.
In DQI-Kit, the user can select if they want an exact or
approximated value and, in the latter case, how many errors
should be sampled. This give a more accurate approximation
at the expense of compute time.

Along with the DQI solver, we provide interfaces for four
classical methods: a brute force solver for finding the optimal
solution, the constraint programming solver from Googles OR-
Tools [41], a simulated annealing solver using the simanneal
package [42] and, finally, Prange’s algorithm. Prange’s algo-
rithm finds an approximate solution by randomly selecting
a set of n constraints, whose left-hand sides are linearly
independent. The resulting system of equations is then solved
exactly using Gaussian elimination. If we assume the m — n
remaining constraints to be random and independent from the
n selected, this satisfies n + (m —n)/q equations in total, on
average. Prange’s algorithm is noteworthy as it is the currently
best known classical algorithm for the problem for which [11]
showed apparent quantum advantage with DQIL.

VII. RELATED WORK

DQI was proposed by Jordan er al. [11] as a quantum
algorithm that finds approximate solutions to a combinatorial
optimisation problem via so-called Regev reductions. This
type of reduction is based on the relationship via a Fourier
transform between decoding problems in two codes dual to
each other. Regev reductions have has been studied before
DQI, both framed in the context of lattice problems [43]-
[45] and coding theory [46]-[48]. There have been several
works building upon the original DQI paper [29], [33], [34],
[49], [50]. In particular, we want to highlight the works of
Anschuetz et al. [51] and Kramer et al. [52], who provide
compelling evidence indicating that quantum advantage with
DQI is not achievable on unstructured instances. We also
want to highlight the work of Parekh [30], who ruled out
quantum advantage for Max-Cut with DQI when using perfect
decoding algorithms. These results underscore the importance
of identifying suitable problem instances for utilising DQI in
industrial applications. DQI has been successfully applied to

algebraic problems derived from known good error-correcting
codes [11], [33], [34], [49], [53]. However, to the best of our
knowledge, Sabater et al. [28] published the first investigation
of DQI on an industrial use case. They apply DQI to a binary
integer linear program and but find that, for their problem
formulation, DQI is not competitive against state-of-the-art
classical approaches.

Software-aided transformations of domain problems [54],
[55] into mathematical formalisms have been broadly studied
for other problem formulations: For instance, interfaces to en-
code various types of constraints are provided by many state-
of-the-art mixed-integer linear programming solvers including
Gurobi, Google OR-Tools or the SCIP Optimisation Suite [41],
[56], [57]. In addition, there has been extensive research on
the development of domain-specific languages for problem
encoding [58]-[60]. In quantum optimisation, QUBOs the
most widely studied problem formulation. Multiple efforts
provide tools to encode various constraints as QUBOs, which,
in turn, can then be used in quantum approaches such as
QAOA or quantum annealing [8], [9], [61]-[63].

VIII. CONCLUSION AND OUTLOOK

We presented DQI-Kit, an open source software framework
that allows users to study the performance of the DQI algo-
rithm on broad classes of industrial combinatorial optimisation
problems. We demonstrated that high-level user-specified de-
scriptions of predominant constraint and objective types can
be encoded into problem formulations directly compatible with
DQI via a series of transformations. Based on the limitations
of DQI, we derived a series of guidelines on how to determine
suitable problem instances and on which types of constraints
can degrade the performance of the algorithm.

Our work shows that many transformations introduce in-
efficiencies in the form of auxiliary variables, an increased
number of constraints or linear dependencies in the constraint
matrix. These inefficiencies can limit the performance of DQI,
sometimes significantly. We demonstrate that, in principle,
mitigating some of these inefficiencies is possible to a cer-
tain extent. To significantly expand the class of problems
where DQI is applicable, further research into more efficient
transformations and more sophisticated dependency mitigation
techniques is required. Developing generalisations of DQI for
weighted constraints or heterogeneous right-hand side sets
could also extend its applicability considerably by allowing
for more efficient encoding of many practical use cases. We
envision DQI-Kit as a starting point for a community-driven
standard that provides a unified interface for a wide range of

possible transformation and encoding strategies.
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